Abstract. We study the time evolution of quantum one-dimensional gapless systems evolving from initial states with a domain-wall. We generalize the path-integral imaginary time approach that together with boundary conformal field theory allows to derive the time and space dependence of general correlation functions. The latter are explicitly obtained for the Ising universality class, and the typical behavior of one-and two-point functions is derived for the general case. Possible connections with the stochastic Loewner evolution are discussed and explicit results for one-point time dependent averages are obtained for generic κ for boundary conditions corresponding to SLE. We use this set of results to predict the time evolution of the entanglement entropy and obtain the universal constant shift due to the presence of a domain wall in the initial state.
Introduction
The experimental realization of trapped quasi-one-dimensional atomic gases during the last few years [1, 2, 3, 4, 5, 6, 7, 8, 9] has provided a new impetus for the study of the effects of strong correlations on the physical properties of fundamental quantum mechanical systems of interacting particles. One very interesting aspect of this still emerging field, in contrast to traditional condensed matter physics, is that it is possible to follow the unitary time evolution in the absence of any dissipation [10, 11, 12, 13, 14, 15, 16] .
The absence of a general theoretical framework to investigate the non-equilibrium dynamics of extended quantum systems led to the study of many one-dimensional models whose dynamics can be solved exactly (see e.g. Refs. [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41] , but the list is far from being exhaustive) and inspired the developing of new numerical methods among which time-dependent density-matrix renormalization-group (DMRG) is the most successful [42] , giving the first opportunity to investigate the out of equilibrium behavior also of non-integrable systems as e.g. in Refs. [21, 43, 44, 45, 46, 47, 48, 49, 50, 51] .
¿From the study of specific models it is difficult to draw general conclusions on the non-equilibrium physics of quantum systems. Hence it is desirable to have frameworks that, at least in some relevant time windows, can give results valid for a large class of systems. In Refs. [24, 30] a method to tackle the time evolution after a quantum quench (i.e. a sudden change of a Hamiltonian parameter) has been proposed. Within this method the real-time path integral representation of a d-dimensional quantum system is reduced to the thermodynamics of a d + 1 dimensional classical system in a slab geometry. The time translation invariance is explicitely broken by the initial state that plays the role of a boundary state in the slab. When the Hamiltonian H governing the time evolution is at or close to a quantum critical point, one can use the renormalization group (RG) theory of boundary critical phenomena (see e.g. [52] ) to study the regime of time and length scales much larger than microscopic ones. In Refs. [24, 30] this approach has been mainly applied to the time evolution of one-dimensional (1D) systems since the 1+1 dimensional strip is described asymptotically by a boundary conformal field theory (CFT).
Two very intriguing properties were derived by using this approach. First, connected correlations start forming only after two points are causally connected (horizon effect). Second, the large time asymptotic of correlation functions are the same as in a thermal state with effective temperature β eff = 4τ 0 (τ 0 being related to the inverse of the mass gap in the initial state, see below), despite the fact that the system is always in a pure state. These predictions have been confirmed by a number of exact calculations in specific models. This path-integral approach is generalizable to several different situations and it is very surprising, despite the success in the simplest case, that this has been done only in a few cases (in Ref. [33] for the so called local quench and in Ref. [53] for the evolution of the order-parameter in higher dimensional systems).
In this paper we apply this imaginary time path-integral to the case in which the initial state is not translationally invariant but contains a domain-wall. We study the resulting time evolution governed by a gapless Hamiltonian using boundary CFT. A part from the per se interest, there are at least two additional reasons to study such an initial state. On one hand, the presence of a domain-wall generates a non-trivial transport, as shown by the exact solution in XX and XY chains [54] . On the other hand, in 2D classical critical systems, these are the typical boundary conditions used to set up the stochastic Loewner evolution (SLE), a mathematical rigorous approach to describe stochastic and geometric properties of 2D critical systems. Hence one must ask the question of whether SLE could be used to predict the time evolution of these quantum models.
The paper is organized as follows. In Sec. 2 we review the imaginary-time path-integral approach to quantum quenches. We specifically show how to tackle the case of a domain-wall in the initial state by means of CFT. In Sec. 3 we apply the method to the Ising model for which all the relevant correlation functions in the upper half-plane have been calculated in Ref. [55] . In Sec. 4 we describe which features of this quenches can be extracted by general CFT scaling without the knowledge of the full correlators in the upper half-plane and then in the following section 5 these results are used to give prediction for the time-evolution of the entanglement entropy. In Sec. 6 we argue about possible connections with SLE and we discuss the case of two domain-walls in the initial state. Finally in Sec. 7 we critically discuss our findings and open problems. In Appendix A we report some useful formulas to perform the analytic continuations and in Appendix B we derive the time evolution for an homogeneous quench of the two-point functions of different operators.
The CFT approach to quantum quenches
In Refs. [24, 30] it has been shown how to extract from path-integral the unitary time-evolution of a d-dimensional system prepared in a state |ψ 0 that is not an eigenstate of H. The expectation value of a local operator O(r) at time t is O(t, r) = Z −1 ψ 0 |e iHt−ǫH O(r)e −iHt−ǫH |ψ 0 ,
where the damping factors e −ǫH have been introduced in order to make the path-integral representation of the expectation value absolutely convergent. Z = ψ 0 |e −2ǫH |ψ 0 ensures that the expectation value of the identity is one. Eq. (1) may be represented by an analytically continued path integral in imaginary time, described by the evolution operator e −(τ2−τ1)H , which takes the boundary values ψ 0 on τ = τ 1 = −ǫ − it and on τ = τ 2 = ǫ − it. The operator O is inserted at τ = 0. The width of the slab is 2ǫ. τ 1 and τ 2 must be considered as real numbers during all the calculation. Only at the end they are continued to their effective values ±ǫ − it. The real-time non-equilibrium evolution of a d dimensional system is then reduced to the thermodynamics of a d + 1 field theory in a slab geometry with the initial state |ψ 0 playing the role of boundary condition at both the borders of the slab. More generally the operator O in Eq. (1) can depend on several points, and in the d = 1 case on which we focus below, we denote r i the set of these points, together with possible domain-wall positions in the initial state.
We wish to study this setting in the limit where t and all separations |r i − r j | are much larger than any microscopic length and time scales, so that renormalization group (RG) theory can be applied. If H is at or close to a quantum critical point, the bulk properties of the critical theory are described by a bulk RG fixed point (or some relevant perturbation thereof). Any translationally invariant boundary condition flows to one of a number of possible boundary fixed points [56, 57] , and we may replace |ψ 0 by the appropriate RG-invariant boundary state |ψ * 0 to which it flows. The difference may be taken into account by assuming that the RG-invariant boundary conditions are not imposed at τ = τ 1 and τ 2 but at τ = τ 1 − τ 0 and τ = τ 2 + τ 0 . τ 0 is given by the absolute value of the extrapolation length and it characterizes the RG distance of the actual boundary state from the RG-invariant one [52] . In the quantum non-equilibrium problem, τ 0 is expected to be of the order of the correlation length in the initial state, that is the inverse energy gap [24, 30] . The effect of introducing τ 0 is simply to replace ǫ by ǫ + τ 0 . The limit ǫ → 0 + can now safely be taken, so the effective width of the slab results to be 2τ 0 . For simplicity in the calculations, in the following we will consider the equivalent slab geometry between τ = 0 and τ = 2τ 0 with the operator O inserted at τ = τ 0 + it.
If the initial condition (and so the boundary one in the imaginary time representation) is not translational invariant, the approach must be changed accordingly. For example, in Ref. [33] it has been shown how to deal with initial conditions corresponding to the joining of two semi-infinite ground-states of a critical Hamiltonian. The case of domain-walls in the initial states, in which we are interested in this paper, is also easily tackled with boundary CFT. In fact, as shown by Cardy [56] , any domain-wall at some position r i can be viewed as the insertion of an appropriate operator Φ ab at position r i . The label a stands for the boundary condition to the right, and b to the left of the domain-wall respectively. Φ ab is called boundary condition changing operator for obvious reasons. For any bulk CFT, there are a number of possible boundary states and consequently a number of boundary condition changing operators between them that are classified and their scaling dimensions are known (see e.g. [56] ) in the most relevant cases.
In the upper half-plane with a boundary condition having m domain-walls (including the point at ∞) on the real axis, any n-point function can be obtained in terms of a (2n + m)-point correlation of the n operators plus m boundary condition changing ones. The 2n comes from the bulk points and their images. Increasing n and m technical difficulties to get these correlations increase considerably. For this reason, we focus on one-and two-point functions with two domain-walls (one at ∞). The difficulty of this calculation corresponds to that of four-and six-point functions in the complex plane.
The general strategy by conformal mapping
To obtain the time-dependence of a correlation function evolving from a state with one domain-wall (let say at r = 0 for simplicity), we need to analytically continue the same correlation function calculated in a strip of width 2τ 0 with boundary condition changing operators at r = 0 on both the borders of the strip. The strip complex coordinate is w = r + iτ with 0 < τ < 2τ 0 . The operators needed for the correlation functions are then inserted at τ = τ 0 + it. This geometry is depicted on the left of figure 1. Note that we have set the sound velocity to unity. Figure 1 . Left: Strip with domain-walls at w = 0 and w = i2τ 0 and points at r i + iτ , with τ that must be analytically continued to τ 0 + it. Right: Corresponding geometry on the upper half-plane after the mapping (2). For the two-point correlation functions, the Euclidean distance between the two points is given by ρ 2 = (
The strip geometry can be obtained by the conformal mapping of the upper half-plane z = x + iy with a domain-wall in the origin (and one at ∞)
We indicate in all the paper the upper half-plane with U and the strip with S. θ is the argument of z in U, as shown in figure 1 (right panel). Note that the conformal map used here is different from the one used in Refs. [24, 30] w(z) = (2τ 0 /π) ln z since we fix two marked points on the boundary (the two domain-walls).
In the case where O is a product of local primary scalar operators Φ i (w i ,w i ), the expectation value in the strip is related to the one in U by the standard transformation
where ∆ i = 2h i is the bulk scaling dimension of Φ i . Often in the following we use the shorthand Φ i (z) for Φ i (z,z). Note that, as usual, when comparing to lattice models, an eventual expectation value of Φ i in the ground state of H is supposed to have been subtracted off. The asymptotic real time dependence is obtained via the analytic continuation τ → τ 0 + it, and taking the limit t, r ij ≫ τ 0 .
In the following sections we apply this method to several specific cases.
The Ising model
We start our analysis from the Ising model for which several correlation functions (of the two primary operators spin and energy) in the upper half-plane with a domain-wall have been already calculated by Burkhardt and Xue [55] (using specific results for four-and six-point correlation functions previously derived [58] ). In the beginning, we shall focus our interest to domain-walls created by changing fixed boundary conditions from a = + to b = −. We refer to this case as "+− initial conditions". The initial position of the domain wall is at r = 0 (unless noted otherwise) and a on its positive side. Then we separately discuss the case a = + and b = free, a domain-wall defined via changing from fixed to free boundary conditions. We will abbreviate this case by "+f initial conditions". All results here should be relevant for the time evolution of e.g. the Ising chain in a transverse field with Hamiltonian
] (note that the state |+ here corresponds a spin aligned in the x direction). This model is easily diagonalized through a Jordan-Wigner transformation followed by a Bogoliubov rotation, that map it onto a free fermion lattice model (see e.g. appendix of Ref. [20] ). It is critical at h = 1 and hence described there by a CFT with central charge c = 1/2.
+− initial condition: one-point functions
Spin. The σ expectation value with +− boundary condition in U is [55] 
where A is a non-universal amplitude, that can be fixed in a universal way through the ratio with the amplitude of the bulk two-point function [59, 60] (but we will never use the explicit value of A). This correlation function satisfies the correct (bulk) limiting behavior as y → +∞. Hence it is straightforward to read off that the scaling dimension of σ is ∆ σ = 2h σ = 1/8. The magnetization profile in the strip with the central domain-wall is obtained by using Eq. (3) and the conformal mapping (2)
To extract the real-time evolution we analytically continue to τ = τ 0 + it, obtaining (r stands for the distance from the domain-wall)
which for asymptotic large time and distances τ 0 ≪ r, t reads
This result is depicted in the left panel of figure 2 . Let us now discuss and interpret this first result. It is the consequence of two competing effects:
• The states + and − are not eigenstates of the conformal Hamiltonian. Thus a half-line with + (or −) initial condition evolves according to the results of Refs. [24, 30] . In particular, we expect σ(r, t) ∝ e −πt/16τ0 , that is nicely confirmed by Eq. (7) in the case t < |r|. Far enough from the origin, the system does not feel the domain-wall in the initial state and the exponential decay of the one-point function is the same as for a translational invariant initial state.
• The effect of the domain-wall (encoded in the first term of Eq. (6)) arrives at the point r only at time t = |r| (we recall that the speed of sound has been set to 1) and it is responsible for an additional exponential time decay e π(t−|r|)/2τ0 . This can be seen as a result of the quantum averaging of spins with opposite orientations.
As usual [24, 30] , the effect of finite τ 0 is only to smooth the time evolution close to the crossover point t = |r|.
Energy density. The time evolution of the energy-density operator can be obtained in analogous way. In the upper half-plane we have [55] 
i.e. the scaling dimension of ǫ is ∆ ǫ = 2h ǫ = 1 (as well known for Ising) and there is a different non-universal constant B. Conformal mapping to the strip and the analytic continuation is worked out using the formulas in Appendix A. For t, r ≫ τ 0 , we obtain ε(r, t)
See figure 2 (right) for illustration. The interpretation of the result is similar to the previous case, except that, contrary to the spin operator, the energy density of the + and − state are equal and so the result is symmetric with respect to the axis r = 0. For t < |r|, the time evolution is the same as in the absence of the domain-wall that only plays a role for t > |r|. However, for the energy, the domain-wall has a drastic influence, because the averaging of spins with opposite direction changes abruptly (at least for τ 0 ≪ t, |r|) the value of the energy density. A cartoon of the time evolution of the one-point functions, e.g. in the transverse field Ising chain, goes as follows. The initial domain-wall state undergoes a spin-flip process which locally looks like
This process does not affect the two-site magnetization (in the x direction), but makes vanishing the single-site one, that before was maximum. Also the energetic balance is positive since the singlet state has lower energy than the product one in the critical Ising chain. Similar processes at later times t > |r| are responsible for the negative local ǫ and the suppressed magnetization (as in Eq. (7) inside the causal-cone of the domain-wall. We stress that this is only a cartoon of what happens locally because the real-time evolved state is highly entangled on a global scale (see the section about entanglement entropy). 
+-initial condition: two-point functions
Spin-spin. Let us start with the spin-spin correlation function. In the upper half-plane U, we abbreviate σ(z k ) with z k = x k + iy k by σ(k), k = 1, 2. According to Ref. [55] , for boundary conditions +−, as shown in figure 1 , the two-point function is given by
with the same amplitude A as for the one-point function. Here θ i are polar angles as indicated in figure 1 , and u an auxiliary variable defined via
Always using Eqs. (3) and (2) we obtain the strip result S σ(1)σ(2)
where the Jacobians from conformal mapping have canceled out. The first factor does not contain any substantially new information since it is the product of two one-point functions. Analytic continuation of the various terms is performed in Appendix A. Putting everything together, we can write the time evolution of the two-point correlation function for t, r i ,
with s i = sign r i , where u ≈ 1 in the first regime and u → ∞ in the second (since 2t < |r 1 − r 2 | ≤ |r 1 | + |r 2 | one can check from (A.10) that there is no third regime where small u − 1 terms could mix with a large contribution from the s 1 s 2 term). This divides in different sub-regimes according to the relative values of r 1 , r 2 , |r 1 − r 2 |/2, t. More precisely, we can distinguish two main regimes:
• 2t < |r 1 − r 2 |: the two points evolve independently since the horizon effect prevents from mutual interaction. The correlation decays as the product of the two one point functions and the connected correlation can be said to vanish (more precisely, its decay is subdominant). There are two possible sub-regimes:
the second regime exists only if |r 1 − r 2 | > 2 min(|r 1 |, |r 2 |) and we have written it in the case |r 2 | < |r 1 | (we will adopt this convention in this subsection). Let us denote Ia and Ib these two subregimes.
• 2t > |r 1 − r 2 |: One has then the following possible sub-regimes (which we can denote IIa,b and c, respectively):
This is a quasi-equilibrium regime. Both points have space-like separation to the domainwall, but time-like to each other, hence they equilibrate as if no domain-wall was present. Obviously this regime exists only if the two points are on the same side of the domain-wall s 1 s 2 = 1. It only exists for a finite time interval, as eventually the domain-wall influence will be felt.
with an intermediate regime when correlation again evolves in time. Its absolute value first decreases down to the minimal value | σ(1)σ(2) | min ∝ e −π(|r1−r2|+4(|r1|−|r2|))/16τ0 reached at time t = (|r 1 | + |r 2 |)/2. After that time it increases again. In addition, if the points are on opposite side of the domain-wall, there is a sudden change in sign (i.e. on scale τ 0 ) of the correlation at time t = (|r 1 | + |r 2 |)/2 = |r 1 − r 2 |/2 hence only the second (increasing) part of this subregime exists. Note that although the absolute value vanishes on time scales smaller than τ 0 , it is possible to define a minimum value on scales much larger than τ 0 , as can be seen on the two bottom figures in Fig. 3 .
-Very large times 2t > |r 1 − r 2 |, 2|r 1 |, 2|r 2 |, almost all terms cancel out and we may simplify to
i.e. the correlation function is the same as in a thermal state with an effective temperature β eff = 4τ 0 as in the case without the domain-wall: the system has "relaxed" it. Let us discuss these findings critically and describe which of these regimes are encountered as the system evolves. We start with the case of r 1 and r 2 on the same side of the domain-wall, i.e. without loss of generality r 1 > r 2 > 0. Then r 1 − r 2 > 0 can either be larger or smaller than 2r 2 . If (r 1 − r 2 )/2 < r 2 then the evolution can be summarized as follow:
• 2t < r 1 − r 2 : the connected two-point function is constantly zero.
• (r 1 − r 2 )/2 < t < r 2 : the two-point function has a plateau at e −π(r1−r2)/16τ0 . Until this time the two points at r 1 , r 2 did not yet feel the presence of the domain-wall. In fact the result is exactly the evolution found from a boundary state without domain-wall [24, 30] , in analogy with the one-point functions.
• At t = r 2 , the part of the system under consideration finally enters in the horizon of the domainwall and the two-point function starts evolving again with an exponential decreasing up to the time (r 1 + r 2 )/2. At this time, the correlation starts increasing toward the asymptotic value.
• At t = r 1 the system reaches its asymptotic value and the two point correlation does not evolve anymore. The domain-wall has been relaxed.
An example for (r 1 − r 2 )/2 < r 2 is reported on the top left figure 3, where (r 1 , r 2 ) = (120, 90). The succession of regimes is thus Ia, IIa, IIb, IIc. The case 2r 2 < r 1 − r 2 turns out to be slightly different, and we give an example with (r 1 , r 2 ) = (100, 30) in the top right figure 3. In this case the sub-system feels the domain-wall before it is quasi-relaxed and so the succession of regimes is now Ia, Ib, IIb and IIc.
When the two points are on different sides of the domain-wall, clearly |r 1 −r 2 |/2 (being the average of their absolute value) is always in between |r 1 | and |r 2 |, so that the plateau (quasi-equilibrium) regime IIa never exists. Hence the succession of regimes is Ia, Ib, IIb (second half only) and IIc. Let us point out an interesting difference to the previous cases: for short time the two-point correlator is negative, since s 1 s 2 = −1, and changes sign at t = |r 1 − r 2 |/2 (when the systems goes from regime Ib to IIb) in order to reach a positive asymptotic value. This can be easily understood: in fact for 2t < |r 1 − r 2 | each point is out of the horizon of the other and evolves keeping its initial sign. Connected correlations start forming only after t = |r 1 − r 2 |/2 when the two-point function changes sign. . Absolute value of the energy-energy two-point function ǫ(r 1 , t)ǫ(r 2 , t) as a function of t for (r 1 , r 2 ) = (120, 90), and (100, 30). We fix τ 0 = 1. Signs are indicated by the colors of the curves: black corresponds to + and red to −.
As a general conclusion, although the correlation reaches the same asymptotic large time equilibrium value as if the domain-wall was absent, we found that it does exhibit an interesting nonmonotonic time dependence, which shows that the domain-wall has a disordering effect on the system at intermediate times. A complementary picture of the various regimes is given below (see Fig. 10 ).
Energy-energy.
We proceed to the two-point function of the energy-density operator ε which has been calculated in Ref. [55] in the upper half-plane. We now map it to the strip and rewrite the resulting correlation function in a suitable way ǫ(1)ǫ(2)
Transport to the strip is simple and the analytical continuation of the various terms is presented in Appendix A. Note that the factor u 4 − 1 indicates that the connected two-point function vanishes for 2t < |r 1 − r 2 |, as it can be seen from Eq. (A.10). As above, it corresponds to the independent evolutions of the two points, which are not yet causally connected. Hence we focus on 2t > |r 1 − r 2 |, when the two points interact. In this regime u 4 → ∞ from Eq. (A.10) and one finds that only the second term in the parenthesis of Eq. (18) contributes. By analogy with the spin-spin correlation function, we find three different sub-regimes for 2t > |r 1 − r 2 |:
(i) For t > |r 1 |, |r 2 |, the system displays thermal like correlations and, in fact, we find
with the correct prefactor, and with β eff = 4τ 0 as it should be from general arguments (see below).
(ii) In the opposite limit t < |r 1 |, |r 2 | (always with 2t > |r 1 − r 2 |), the correlation function is given by Eq. (19) , with the same prefactor. The two points are quasi-equilibrated since they do not yet feel the presence of the domain-wall. (iii) For |r 2 | < t < |r 1 | (we assume without loss of generality |r 1 | > |r 2 |) we find
where the result is the same as in the other two regimes, only being multiplied by −3. At variance from the spin correlation function, does not depend on time (apart from an obvious smoothing close to the changing times t = |r 1 |, |r 2 |). This apparently strange phenomenon, visible in Fig.  4 , can be traced back to the fact that ǫ(r, t) for t > |r| does not have any further exponential suppression, but only a discontinuity at |r|.
Spin-energy.
In the upper half-plane U, the spin-energy correlation function reads
The passage to the strip and the analytic continuation is easily done using formulae in Appendix A. Again for 2t < |r 1 − r 2 | where u ∼ 1, this two-point function is just the product of the one-point, in agreement with causality. Slightly more involved is the opposite case 2t > |r 1 − r 2 |, where asymptotically we have
Here Θ(x) denotes the Heaviside function which is 1 for x > 0, and 0 otherwise. We will not give a detailed discussion of the various sub-regimes. Instead we give some examples in figure 5 where we illustrate the time evolution for several choices of r 1 and r 2 . Amongst the various cases, the most interesting and new feature when compared to σσ and ǫǫ is the very large time behavior: as t exceeds any other scale, i.e. for t > |r 1 |, |r 2 |, |r 1 − r 2 |/2, we find that
which decays to zero for t → ∞. Indeed this feature is in agreement with the well-known fact that the finite-temperature equilibrium value of a two-point function of operators with different scaling dimensions vanishes (see also Appendix B).
+f initial condition: one-point functions
Let us consider different boundary conditions: we suppose a + state on the half line from 0 to +∞. On the negative real axis the spins are left free to take either value + or −.
Spin. In the upper half-plane the one-point correlation function of the spin is [55] 
Using results from Appendix A, the one-point function is asymptotically given by
See figure 6 (left panel) for an illustration. Note that the amplitude vanishes on the space like negative region r < −t as for homogeneous free boundary conditions, and in fact matches the result of Eq. (7) on the space-like positive side r > t. Inside the time-like cone it takes a non trivial value.
Energy. In U, the one-point function for the energy is [55] 
that (a part the constant and the scaling dimension) is the same as the spin expectation value with +− conditions and so we have the time evolution as ǫ(r, t) +f ≃ B π τ 0 e −πt/2τ0 sign r e −π(t−|r|)/2τ0 |r| < t,
An illustration is given in figure 6 (right panel). <ε(r,t)> Figure 6 . Left: One-point function σ(r, t) with +f initial conditions for t = 20 (blue) and t = 25 (black). Right: One-point function ǫ(r, t) for t = 20 (blue) and t = 21 (red). We fix τ 0 = 1 and the y-axis are measured in arbitrary units.
+f initial condition: two-point functions
Spin-spin. Again, Ref. [55] gives the half-plane result
Relevant formulae for conformal mapping to the strip and analytic continuation are given in Appendix A. One finds similar regimes as for the +− initial conditions except that this two-point function is always positive, as a consequence of the non-negativity of one-point correlators. The main features are now standard. For time such that 2t < |r 1 − r 2 | the two-point correlation function is just the product of the one-point ones, as u → 1 in Eq. (28) . For larger times, it is important to note that in the limit u → ∞ one should be careful in using the second line in Eq. (28) 
for both small and large time regimes t < |r 1 |, |r 2 | and t > |r 1 |, |r 2 |. More surprisingly one finds the same time independent result (29) for the intermediate time regime |r 2 | < t < |r 1 |, but with an amplitude multiplied by the factor 2 −1/4 . This is at variance with the behaviour of the +− case, and it is illustrated by two examples in figure 7 , where two different pairs of values of r 1 , r 2 are considered. We conclude that this kind of mixed domain-wall can be "dissipated" by the system, too.
The other two-point correlation functions with (+f ) boundary condition are known in the halfplane from Ref. [55] . We do not report their analysis here, since the main features of the Ising universality class are already present in the correlation reported so far. We rather highlight general features in the next section and show which information can be obtained from general scaling arguments only, without detailed knowledge of the full correlators. log<σ(120,t) σ(-30,t)> Figure 7 . Spin-spin two-point functions σ(r 1 , t)σ(r 2 , t) +f as a function of t for (r 1 , r 2 ) = (120, 90) (left) and (120, −30) (right). We fix τ 0 = 1. When at least one r is negative, the two-point function is practically zero outside the two causal cones.
General CFT results
Some of the results previously obtained for the Ising CFT with particular boundary conditions have a direct generalization to an arbitrary theory with any domain-wall in the initial state between two boundary conditions a (to its right) and b (to its left). In fact any n-point correlation
U ab of primary operators satisfies the same differential equation as the full plane 2n + 2-point correlation
and can be constructed from the same solutions, as discussed in full details in Ref. [55] . ζ 1 and ζ 2 stand for the start and end positions of the interface on the real axis, taken here to be (0, ∞), and ∆ ab is the scaling dimension of the ab boundary changing operator Φ ab . Let us discuss general consequences of this property.
The one-point function of any primary operator in the upper half-plane displays the scaling form
where ∆ Φ is the scaling dimension of Φ and all the dependence on the boundary state is in f Φ ab (cos θ), with, as usual, cos θ = x/(x 2 + y 2 ) 1/2 . In fact, f Φ ab (cos θ) explicitly depends on the boundary CFT and is related to hypergeometric functions of the corresponding full plane 4-point correlation.
A large class of primary operators displays a one-point function with a close analytic form (given in Ref. [55] ), but in general they are quite complicated. However, from the previous examples, it is clear that we do not need the complete knowledge f Φ ab (cos θ) to understand the quench. Indeed upon mapping onto the strip and analytical continuation we already found
Hence we need only the behavior for cos θ ∼ 0, ±1. The case cos θ ∼ ±1 means that in the upper half-plane the point z is far from the domain-wall and does not feel its effect. Consequently, f (cos θ) takes the same value as for homogeneous boundary conditions a or b, related to cos θ = 1 and −1 respectively, with associated amplitudes A aa,bb = A ab f Φ ab (±1). Conversely the case cos θ = 0 regards any point inside the causal cone of the domain-wall (i.e. causally connected within the speed of sound). The amplitude f Φ ab (0) can be either zero or finite, depending on the boundary CFT and the operator. We thus obtain = 1 ). An even more detailed discussion of the one-point functions is reported in Sec. 6 in connection with SLE. In particular we show explictly in which cases f Φ ab (0) can vanish and that f Φ ab (cos θ) is analytic in zero, so in general µ = 1. The (relative) simplicity of these one-point function is related to the fact that bulk four-point functions can always be written as a general scaling part times a function of the unique cross-ratio of the four points. This is not the case for the two-point functions, which correspond to full plane six-point functions involving three independent cross ratios and the analysis is more complicated. However, we can give a general characterization. Considering a primary field Φ such that Φ(z) = 0, a scaling argument shows that we can always write the two-point function in U with boundary condition ab as
where the function F Φ ab is (to the best of our knowledge) unknown in the general case, and related to full-plane six-point functions. The variable u is defined in Eq. (11) is (one of the possible) cross ratio of z 1,2 andz 1,2 (note that comparing with Ref. [30] one has η → 1 for u → ∞ and η → 0 for u → 1). Formula (33) still holds after mapping to the strip (replacing the index U by S) with the appropriate expressions for the variables u and cos θ i repeatedly used above and in Appendix A. We thus find that the interesting regimes for the time evolution are encoded in particular limits of F Φ ab . Namely:
• Short times t < |r 1 |, |r 2 | and points on the same side of the initial domain-wall. In this case, depending on the signs of r i , we have cos θ i = ±1. This corresponds to two points extremely close to one boundary condition, i.e.
where F aa (u) (F bb (u)) corresponds to the two-point scaling function with homogeneous a (b) boundary condition. In this case the problem reduces to the one evolving from homogeneous initial condition. Note that A 2 aa F aa (u) = (u 4 /4) ∆Φ for u → ∞ as one recovers the bulk behavior and, upon mapping to the strip, thermal like behavior in the subcase t > |r 1 − r 2 |/2 (see also below).
• Short times 2t < |r 1 − r 2 |, even on different sides. In this case u ∼ 1, i.e. the distance of the two points is much larger than the distance from the boundary and F Φ ab (1, cos θ 1 , cos θ 2 ) = 1, meaning that the correlation function evolves like the product of the one-point ones.
• Larger times 2t > |r 1 − r 2 |, the points are causally connected and u = e π(2t−|r1−r2|)/8τ0 ≫ 1.
2 ) in this large u limit, so that the time dependence factorizes in front and
The very large time subregime t > |r 1 |, |r 2 | corresponds to η i = cos θ i = 0. Consequently, in U the two points are deep in the bulk and give the bulk two-point function, leading to the thermal-like behavior. The other sub-regimes, when t is in between the various "critical" times |r i | can be extracted from (35) by considering the limits cos θ i → ±1, 0 and may lead to additional time dependence. Note that
The same reasoning can be applied to any n-point correlation function: for short times all the points evolve incoherently, whereas for very long times the correlation function is the same as in a thermal state at the effective temperature β eff = 4τ 0 . As for the homogeneous quench [30] it is easy to understand the technical reason that gives the effective temperature 4τ 0 both for asymptotic large times and also in the intermediate regime. As usual, finite temperature correlations can be calculated by studying the field theory on a cylinder of circumference β = 1/T . In CFT a cylinder is usually obtained by mapping the complex plane with the logarithmic transformation w = β/(2π) log z, but one can equivalently use the inverse of Eq. (2) w = β/πarctanhz that differs from the logarithm for a mapping of the real axis. The form for the two-point function of a primary operator in the strip depends in general on the function F (u, cos θ i ), but when we analytically continue, we find that u → ∞, i.e. the original points in U effectively are far from the boundary (more precisely their relative distance is much less than the distance from the real axis). Thus we get the same result as we would get if we conformally transformed from the full plane to a cylinder, and from the comparison of the two transformation the effective temperature is β eff = 4τ 0 . The same argument is easily worked out for the multi-point functions.
The entanglement entropy
Entanglement is a central concept in quantum information science. Moreover it is becoming a common tool to study and analyze extended quantum systems because of its ability in detecting the scaling behavior close to a quantum critical point [61] . A powerful measure is the block entanglement entropy defined as follows. If the system is in a pure quantum state |Ψ , ρ = |Ψ Ψ| is the density matrix. Indicating with A a spatial subset of the system (such as a finite subset of spins in a spin chain) and with ρ A = Tr B ρ the reduced density matrix of the subset A, the entanglement entropy is just the corresponding Von Neumann entropy
and analogously for S B . When ρ corresponds to a pure quantum state, S A gives a measure of the amount of quantum correlation between A and B, and one can prove that S A = S B . S A can be calculated in a quantum field theory through the replica trick [62] 
This is particularly useful in CFT because, when A consists of disjoint intervals with N boundary points with B we have that Tr ρ n A transforms under a general conformal transformation as the N point function of a primary field Φ n with conformal dimension [62] ∆ n = c/12(n − 1/n), where c denotes the central charge of the underlying CFT. The fields Φ n are usually called twist operators. In particular this implies that the entanglement entropy of a slit of length ℓ in an infinite system is given by [63, 62] Tr
where a is an UV cutoff (e.g. in a spin chain is the lattice spacing) and c ′ 1 a non universal constant. Clearly within this mapping to correlation function we can calculate the time-dependence of the entanglement entropy. For the case of homogenous quenches this has been done in Ref. [20] , finding
This result can be easily explained in terms of the causal scenario longly discussed there, and it is due to pairs of coherent quasi-particles emitted from any point and reaching one the subsystem A and the other B. In the case of A and B corresponding to two semi-infinite lines is a straightforward generalization of the previous result. In fact, we have only to consider the one-point correlation function of a twist operator Φ n that in the upper half-plane is Φ n (z,z) U =c n [Imz] −∆n (wherec n is the analogous of c n for the boundary CFT introduced in [62] ). Mapping to the strip, analytically continuing, and taking the limit of large time, directly gives that the entanglement entropy grows indefinitely with time as S A (t) = πct/12τ 0 . Let us mention that this indefinite grow of entanglement is the main reason why numerical simulations (e.g.à la density matrix renormalization group) do not perform efficiently for this kind of time evolution [64] .
The natural question arising is how this result is modified by the presence of the domain-wall at r = 0. Let us start with the case of two semi-infinite lines with A = [r, ∞) and B = R\A its complement. In this case the entanglement is given by the one-point function Φ n (r, t) of a twist operator at position r. From the general result reported above Eq. (32), we know that S A (t) increases linearly with time for t < |r|, as expected because the time evolution is the same as in the absence of the domain-wall. For t > |r| we also find from Eq. (32) a linear increase of the entropy, but its rate in principle could change if f Φn ab (0) is vanishing. However, the properties ∆ 1 = 1 and Tr ρ = 1 trivially leads to A ab f Φ1 ab (0) = 1. Analyticity in n and cos θ near zero makes then f Φn ab (cos θ → 0) non zero close to n = 1 and this ensures that the domain-wall does not change the linear increasing rate of the entanglement entropy, but only changes it up to an additive constant. The finite change, with respect to e.g. a homogeneous initial conditions of type a, is given by
, independent of r with |r| < t. Hence the entanglement of the two parts being initially separated by the domain-wall increases linearly with only a universal additive constant S ab distinguishing from the homogeneous quench. This constant is computed below, in the particular cases relevant for SLE.
For the entanglement entropy of a finite slit A = [r 1 , r 2 ] with ℓ = |r 1 − r 2 |, general features are simple consequences of the scaling form in Eq. (33) . As long as t < |r 1 |, |r 2 |, the time evolution remains the same as in the absence of the domain-wall (i.e. initial linear increase and then saturation). Conversely for large times t > |r 1 |, |r 2 |, ℓ/2 the entanglement entropy saturates to a value proportional to ℓ. In the intermediate regimes, that depend on the nature of the domain-wall, from the general scaling again only finite universal shifts compared to the homogeneous quench can be possible.
Connection with SLE
Geometrical and statistical properties of a two-dimensional critical system in the half-plane with an interface starting at the boundary are nowadays widely studied by means of the so called stochastic Loewner evolution (SLE) that allows for a rigorous mathematical derivation of some CFT results (see e.g. Refs.
[65] as reviews). We do not enter here in the beautiful technical details of the approach, but we will limit to state some results and ask whether they may have some connection with the quench problem considered here. An SLE interface receives a CFT interpretation as being created by inserting a boundary changing operator Φ 12 at the boundary. In some cases, such as Ising, it corresponds to a domain wall and an ab boundary change. Hence for simplicity we stick here to the Ising notations, keeping in mind that in this section we deal with boundary condition changes relevant for SLE κ at generic value of the parameter κ. These may be quite different from Ising, and are detailed in e.g. Refs. [65] .
One of the most celebrated result concerns the rigorous derivation of Schramm's formula [66] . Starting from the boundary the interface explores the full upper half-plane and ends at infinity. This curve (called the SLE trace) divides the half plane in two parts. Schramm's formula gives the probability that one point lies to the right of this curve. In the continuum limit, this probability only depends on the angle θ that the point makes with the boundary (that is the same θ we used in all the paper). Schramm's formula gives this probability as
satisfying the "boundary conditions" p(θ = π/2) = 1/2 (reflection symmetry) and p(θ = π) = 0 (point at the negative real axis). The parameter κ is the diffusion constant of the underlying stochastic process and turns out to define different universality classes (e.g. the Ising model corresponds to κ = 3) and is related to the central charge.
Since SLE focuses on geometrical properties of interfaces, one could try to push the continuation to real time t, and define a space-time interface geometrically using the path integral formulation. This can be done in principle by appropriate continuum limit (in the time direction) of lattice models such that the interface remains well defined. Consider the Ising case as a typical example. Specifying an interface means specifying the local spins + (to the left) and − (to the right) along a simple curve in the r, t plane (since it wanders this entails creation and annihilation of domain-walls as t increases). One must then superpose the complex amplitudes associated with all configurations satisfying that dynamical constraint. These are continuations of the real positive probabilities used to construct SLE. Schramm's dimension zero operator additionally constraints the interface to pass right of a space time point (i.e. to be connected to one of the two boundary conditions a or b without crossing the interface). Clearly this qualitative picture needs to be made more concrete.
Can p(θ) be used to determine some properties of the quench problem studied here? In order to address this question, let us map p(θ) to the strip according to Eq. (2), and then perform the analytical continuation τ → τ 0 + it. A simple calculation gives
that is a positive number smaller than 1. Hence it could in principle still be interpreted as a probability. In the limit t, |r| ≫ τ 0 , using the properties of the hypergeometric function, we find p(r, t)
independently from κ. This result is suggestive and could be thought, in a sense which remains to be made precise, as a probability of being in the state evolved from +, that is clearly zero for r < −t and 1 for r > t. A plateau develops (see figure 8) for r < |t| and by mirror symmetry it can here only take the value 1/2. It would be interesting to understand how this plateau forms from the path integral formulation, presumably from interference effect. From the point of view of a real time relativistic theory it is however rather natural. Are there other probabilities to which this could be compared? A priori the quantum state evolution is fully deterministic and apparently there is no probability into the game. A possible way to introduce a probability proceeds as follows. Consider, in a lattice model, the reduced density matrix ρ r (t) of the degrees of freedom localized in r (i.e. for a spin chain the spin in r). Clearly for r > t, ρ r (t) equals the analogous one obtained from the evolution of a homogenous + boundary condition ρ + r (t). Analogously for r < −t, ρ r (t) is ρ − r (t). An interesting possibility is that the reduced density matrix in the center region, −r < t < r, is simply a combination of the above two, in the present case by symmetry it can only be ρ r (t) = (ρ − r (t) + ρ + r (t))/2. An interesting question then is whether the 1/2 found from Schramm's formula is the same factor appearing in front of the ρ + r (t) reduced density matrix. It is easy to check in the Ising case, from our result for the averaged spin, that this could only hold strictly for infinite time (the leading decaying term in e −πt/2τ0 does not agree). Unfortunately, in that limit, the factor 1/2 being imposed by symmetry does not provide a test. Tests would require more complicated situations, e.g. translating the results of Refs. [67, 68, 69] in terms of quantum evolution. For instance, in Ref. [67] the probability P middle (cot θ) was obtained, that a point z in the upper half plane lies in between (left of one, right of the other) two interfaces starting at nearby points on the real axis, conditioned to the fact they do not cross (i.e. going to infinity). This may be relevant to determine whether, in presence of two domain-walls in the initial state, e.g. an interval [0, r 0 ] of − spins in an otherwise homogeneous + state, the point r ≫ r 0 at time t still feels the presence of the − in the initial condition (however, this provides only part of the answer, since one should add the event where the domain-wall annihilates at late times, but this also can be obtained, in principle, within SLE). The large time continuation yields P middle (cot θ) → D κ , the constant defined in Ref. [67] , for all t > |r|, which has a non trivial value, e.g. D κ=3 = 0.921866 for Ising.
To close on a less speculative note, let us give the explicit form for the one-point function of any primary field of scaling dimension ∆ in presence of the boundary conditions which are relevant for SLE. It is known that the boundary changing operator which creates an SLE κ interface is Φ 12 , with conformal dimension ∆ 12 = 2h 12 = (6 − κ)/κ. The result of Ref. [55] is then Eq. (32) with
where for convenience we have absorbed the amplitude A ab into f ab , with parameters
We determine the constants C 1 and C 2 from the boundary conditions f ab (±1) at θ = 0, π (respectively to the right/left of the domain-wall), that yields
Using the identity 2 F 1 (a, b, c, 1 
Hence both denominators are finite for 0 < κ < 8 (the denominator associated to C 1 equals 1 for all κ for ∆ = 0 and this is consistent with the result for the twist operators with ∆ 1 = 0 in the entanglement entropy section). However we find that C 1 has a pole for ∆ = ∆
(1)
κ both for non-negative integer n (note that the latter vanishes for ∆ = 2 for all κ). Hence for such operators the symmetry must be imposed for the result to be meaningful. Obviously one recovers the Ising results Eqs. (4) and (8) for κ = 3 inserting respectively ∆ = 1/8 (spin) and ∆ = 1 (energy).
Using the continuation formula (31) one finds formally the large time asymptotics for t > |r| is given by Eq. (30) with
where the second decaying term becomes the leading one when C 1 = 0, else it is a rapidly decaying subleading correction. Note that the Schramm formula is recovered, for some choice of boundary condition, considering an operator with scaling scaling dimension ∆ = 0. One gets then β = 0 and α = 1 − 4/κ and
using properties of hypergeometric functions. It remains to be seen whether a dimension zero primary operator, relevant for the quench, can be identified. In that case it should be related to Schramm formula (or be trivial).
We can now compute, in the case of an SLE interface, the universal additive contribution S ab to the entanglement entropy as discussed in Section 5. Inserting ∆ = c/12(n − 1/n) which yields the appropriate values for α n and β n , and using the symmetry f 
where ψ(x) stands for the Polygamma function and, in terms of κ, the central charge is c = (6 − κ)(3κ − 8)/(2κ). Notice that for κ < 4 (and in particular for the Ising model) this universal shift is negative.
Two domain-walls
Here we consider the case of two domain-walls in the initial state. It is more general, but in the context of SLE, it corresponds to a two interface problem and can be studied, for appropriate boundary conditions, by insertion of two Φ 12 operators on each side in the strip. The corresponding strip geometry is depicted in Fig. 9 . However, the complete correlation functions mapped on the upper half-plane need the insertion of four changing operators, that are in principle calculable but very cumbersome. To make progress, we first consider the limit of a small b domain in a line a when results can be obtained from the fusion of two Φ 12 operators, which produces Φ 13 operators. At the end, we finally argue that for asymptotic large time the result is valid for any finite fixed size domain b, not necessarily small. According to physical intuition this means that no matter how big is the b domain, it is always small compared to the infinite remaining a part. Let us consider the operator O = i Φ i (w i , w i ) being a product of primary operators. When operators, and the (generic) fusion algebra Φ 12 Φ 12 ∼ 1 + Φ 13 , we obtain
where the dots denote the contribution of descendant operators, which are easily seen to include analytic O(ℓ 2 ) corrections as compared to the leading term which corresponds to homogeneous boundaries. The dimension of the Φ 13 operator is, in the SLE context:
In terms of SLE of each term in Eq. (48) can be interpreted as follows. The second term represents the contribution of two interfaces starting both very close to zero (respectively to 2iτ 0 ) on the same side of the strip and which do not immediately annihilate near their origin (but rather annihilate in the bulk). The last term corresponds to the possibility where the two interfaces cross the whole strip. It has thus some general relation to the calculation of Ref. [67] , relation which can be made precise for a dimension zero operator. We recall here that we use Ising notations for convenience only but that we consider generic κ and the appropriate boundary changes [65] ). Let us now specialize to a single primary field O = Φ(w) of conformal dimension ∆, being inserted at w = r + iτ . As explained above, at the leading order in ℓ, these can be obtained simply from Φ 
. This gives the lowest order terms in Eq. (48), with the correct amplitudes, from the expansion of f
. Putting everything together we finally obtain
with B a = αβ/(1/2 + α + β) = 4∆/(8 − 3κ) and
, where C 1 and C 2 are given in (45) , α, β in (44) , and the relation given below (45) to ratio of Gamma function should be used to define the relevant limits. The general expression for the function g Φ (cos θ) is given in Ref. [55] in terms of hypergeometric functions, using the fact that Φ 13 being degenerate at level three, Φ(z)Φ 13 (0)Φ 13 (∞) U a obeys a simple differential equation. Note that the descendants will give non trivial corrections to (50) , but these are always subdominant to the leading correction and, quite often subdominant even to subleading ones. Hence in the general expansion in small (ℓ/y) at fixed cos θ, the leading correction comes from the (ℓ/y) ∆13 term only for ∆ 13 < 2, i.e. for SLE type boundary conditions, κ > 8/3. For κ < 8/3 the B a term dominates. Note however that even for κ > 8/3 the B a term dominates if the amplitude vanishes C a = 0. This is the case for the Ising model κ = 3 if Φ is either the bulk spin or energy operator, since f Φ ab (η) is analytic in these cases as discussed in Section 4. The last term is often subleading, although in principle there may be cases, for κ > 4, where C a vanishes and the leading correction is given by the last term. Another example consists in the O(n) loop model when each interface carries a different O(n) index hence they cannot annihilate. The general case depend on the operator Φ, on the model, and on κ, and can be read from the above results.
Mapping to the strip and continuing to the real time quantum dynamics, we know that for t > |r| the half plane variable (ℓ/y) sin 2 θ in (50) maps to ℓe −π(t−r)/2τ0 , a variable which is small both in the small ℓ and the large time limit. Hence we find for large times t > |r|
where one of the two correction terms dominates depending on whether ∆ 13 is larger or smaller than 2, and of whether C a vanishes or not, as discussed above. The scaling variable governing the correction is then ℓe −πt/2τ0 , so no matter how large ℓ is, provided it is finite, for long times the leading correction is always of the above form. Physically this corresponds to the property that asymptotically the b domain is washed out and the time evolution is the same as from an homogeneous a initial condition with only exponentially small corrections. Although we have not attempted any calculation it is physically clear that any initial state with a local domain structure immersed in an infinite a initial state will behave in a similar fashion, possibly involving a spectrum of higher ∆ 1,2N +1 exponents, corresponding to 2N SLE curves. Applying to ∆ → ∆ n and following the arguments of Section 5, one also easily sees that the difference in entanglement entropy as compared to the homogeneous case decays exponentially in time, with the same decay rates as in (51) and prefactors given by −∂ n (C a , B a )| n=1 . Explicit calculation shows that the leading amplitude does not vanish. Similarly, in presence of an odd number of domain walls in a finite region in the initial state, the difference in entanglement entropy as compared to the homogeneous state, is expected to converge at large time, with similar exponentials, to the value of S ab given by (47).
Conclusions
We presented a detailed study of the time evolution of a 1D quantum system evolving according to a gapless Hamiltonian from an initial state with one domain-wall. All our findings can be easily interpreted in terms of quasi-particles excitations emitted at time t = 0, and then propagating trough the system at a finite speed given by the sound velocity v s = 1. According to this scenario any correlation function has different time regimes. For example, in figure 10 the time evolution of the twopoint correlation functions has different regimes resulting from the competition of the quasi-particles emitted from the middle point and those emitted from the domain-wall. The same interpretation is also valid for the entanglement entropy.
The importance of this simple physical picture is that it easily allows to understand limit and generality of the CFT results. In fact, the behavior outside the causal cones is only consequence of the finite velocity of sound and so it must be generally true also for gapped systems, as pointed out in details in Refs. [24, 30] . Oppositely, lattice models, even in the thermodynamic limit, have a full spectrum for the velocity of excitations, due to non-linear dispersion relations. These slow quasiparticle give corrections inside the causal cone to the results just derived (see Ref. [30] for a careful discussion of this issue).
As in the case of an homogeneous quench, we showed that for large times all the correlation functions are the same as in a thermal state with effective temperature β eff = 4τ 0 . This means that the presence of the domain-wall does not affect the asymptotic state. In fact, this feature does not come unexpected since the energy of this state is only slightly larger than the translational invariant one. Following this interpretation, we conclude that a state with an infinite number of domain-walls should change the effective temperature.
We finally discussed the possibility that the geometric picture obtained from SLE may be continued from imaginary to real time. Whether this may lead to new information for quantum quenches is not yet clear at this stage, but has been critically discussed in the present paper. We have also obtained, for the type of domain wall considered in SLE, the universal change in entanglement entropy as compared to an homogeneous initial state. Finally we considered the case of few domain walls in a finite region, and obtained the leading time decay of one point functions. physical quantity, and it does, being compensated by the Jacobian
The polar angle θ is mapped to the strip according to
After analytic continuation we have
where here and in the following ≃ (and in the main text) stands for t, r ≫ τ 0 . We will also need the following functions of the angles that are trivially obtained from the previous formulae sin 2θ = 2 sin θ cos θ ≃ 2 sign r e −π|t−|r||/2τ0 , (A Here, Θ(r) denotes the Heaviside function which is 1 for r > 0, and 0 otherwise. Note the divergence for r < −t in tan θ/2. However, this divergence cancels with the one-point function with free boundary condition and we do not need the first order correction in τ 0 that makes it finite. For the two-point functions, we need to study the combination of different variables. In particular we need In particular all the terms like (u 2m − 1) vanish for 2t < |r 1 − r 2 | and the ratios (u 2m − c 1 )/(u 2m + c 2 ) tend to 1 for 2t > |r 1 − r 2 |, for all constants c i .
For combinations of polar angles, we have sin(θ 1 ± θ 2 ) = sin θ 1 cos θ 2 ± sin θ 2 cos θ 1 ≃ In Refs. [24, 30] it has been shown that when the initial state is a translation invariant state, the long-time correlation functions are the same as a pseudo-thermal state with β eff = 4τ 0 . Then it follows that the correlation of operators with different scaling dimensions must vanish, but we still do not know how they fall off to zero. In this appendix we fill this small gap. We first consider the energy-spin correlation in the Ising model starting from a homogeneous initial condition (we only consider fixed, since free boundary conditions gives σ correlation identically zero). In the upper half-plane U the correlation function is [70] σ (1) with G(z 1 , z 2 ) = φ(z 1 )φ(z 2 ) . Because of the restriction to the upper half-plane we have the Green function
where G ∞ (z) = G ∞ (0) − log |z| is the Green function in the plane (we adsorbed the standard π factors in the definition of φ) and we assumed a fixed boundary condition (free ones are pathological because the one-point function is identically zero Using the previous formulas for the mapping to the strip and the analytic continuation we have for 2t < |r 1 − r 2 | the independent evolution of the two points, while for 2t > |r 1 − r 2 | e iαφ(z1,t) e −iβφ(z2,t) = e −πα 2 t/4τ0 e −πβ 2 t/4τ0 e π(2t−|r1−r2|)αβ/4τ0 = e −π(α 2 +β 2 −2αβ)t/4τ0 e −παβ|r1−r2|/4τ0 , (B.6) that always decays exponentially to zero because (α 2 + β 2 − 2αβ) > 0. It is easy to show that this indeed is a general feature of the homogeneous quench for different operators for any initial condition. In fact the, two-point function of different operators Φ 1 and Φ 2 in the upper half-plane can be always written as (when Φ 1 = 0 identically)
where F (u 4 ) can be related to the hypergeometric function determining the four-point functions in the bulk [71] . However its complete expression is not required: we only need the asymptotic behavior of F (u 4 ≃ 1) and F (u 4 ≫ 1). From general scaling arguments, we have F (1) = 1 (i.e. close to the boundary the two-point function factorizes in one-points ones) and F (u 4 ≫ 1) ∼ u −4x b . The exponent x b can be calculated for any pair of operators and any boundary condition from the bulk four-point functions [71] . Here, we only stress that if Φ 1 = Φ 2 then x b = x 1 = x 2 to recover the right behavior of the bulk two-point function, and in general x b < (x 1 + x 2 )/2 for unitarity. Putting everything together we have Φ 1 (r 1 , t)Φ 2 (r 2 , 0) = e −πx1t/2τ0 e −πx2t/2τ0 2t < |r 1 − r 2 |, Note that when the operators Φ 1 and Φ 2 have the same scaling dimensions the time dependence disappear and we get the usual thermal like correlator. Oppositely, since x 1 + x 2 − 2x b > 0, the correlation decays to zero as anticipated.
